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Abstract 

We prove the following theorem: For a partially ordered set Q such that every countable subset of 
Q has a strict upper bound, there is a forcing notion satisfying the countable chain condition such that, 
in the forcing extension, there is a basis of the null ideal of the real line which is order-isomorphic to Q 
with respect to set-inclusion. This is a variation of Hechler’s classical result in the theory of forcing. The 
corresponding theorem for the meager ideal was established by Bartoszyriski and Kada. 


1 Introduction 

For /, g G u) w , we say / <* g if f(n) < g{n) for all but finitely many n < u>. The following theorem, which is 
due to Hechler [7], is a classical result in the theory of forcing (See also 0). 

Theorem 1.1. Suppose that (Q,<) is a partially ordered set such that every countable subset of Q has a 
strict upper bound in Q, that is, for any countable set A C Q there is b G Q such that a < b for all a € A. 
Then there is a forcing notion P satisfying the countable chain condition such that, in any forcing extension 
by P, (u“, <*) contains a cofinal subset {f a ■ a G Q} which is order-isomorphic to Q, that is, 

1. for every g G ui u there is a G Q such that g <* f a , and 

2. for a,b G Q, f a <* fb if and only if a < b. 

Fuchino and Soukup mu introduced the notion of spectra. For a partially ordered set P, the unbounded 
set spectrum of P is the set of cardinals n such that there is an unbounded set in P of size k without 
unbounded subsets of size less than n. They also defined several variants of spectra, and investigated how to 
manipulate those spectra of (w“, <*) using Hechler’s result. In this context, Soukup asked if the statement 
of Hechler’s theorem holds for the meager ideal or the null ideal of the real line with respect to set-inclusion. 
Bartoszyriski and Kada 0 answered the question positively for the meager ideal. In the present paper, we 
will give a positive answer for the null ideal. These proofs all follow the same general scheme, but there are 
substantial technical difficulties to overcome in our present context resulting in a more complicated proof. 
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As Hechler pointed out in 7j, if Q is well-founded, the conclusion of his theorem can be strenghened to 
say that whenever a < b in Q, not only does fb dominate f a , it also dominates all reals constructible from 
f a and the set of its predecessors in the cofinal family, i.e., g <* fb for all g G L[{f x : x < a}]. Hjorth has 
answered a question of Hechler by showing that this stronger conclusion cannot hold if Q is not well-founded. 

(Hjorth) There is no sequence of reals f n G such that for each n < uj, g <* f n for each 
g G fl L[{fi : i > n}]. 

(See |U Theorem 0.5 and preceding discussion].) These results carry over to our context. When Q is well- 
founded, the proof of Hechler’s theorem for the null ideal J\f of [0,1] provides a cofinal family {H a : a G Q} 
of Borel sets in J\f so that ({ H a : a G Q}, C) is isomorphic to Q and, moreover, if a < b then for every Borel 
null set A coded in L[{H X : x < a}], we have A C Hb . Moreover, Hjorth’s result implies that this stronger 
conclusion cannot hold if Q is not well-founded. This can be seen as follows. By [2( Theorems 2.2.2 and 
2.3.1] and their proofs (which show that the Tukey maps they provide are definable), if M C N are transitive 
models of enough of ZFC and in N there is a Borel null set B such that A C B for every Borel null set A 
coded in M, then in N there is an / G uf 1 which dominates uf 3 PI M. Thus, the existence of a sequence A n 
of null Borel sets such that for each n < u>, A n contains all null Borel sets coded in L[{Ai : i > n}] would 
yield a counterexample to Hjorth’s result. 

We will work with the null ideal of the Cantor set 2“ rather than that of [0,1] or the real line. The 
distinction between these spaces is unimportant in our work because there are Borel isomorphisms between 
them which preserve null sets. 


2 Combinatorial view of null sets 

In this section, we review the relationship between Borel null sets of the Cantor set 2“ with the standard 
product measure and combinatorics on natural numbers, which is described in [Q. 

Choose a strictly increasing function /iGw“ satisfying 2 h ( n '>~ h ( n ~ 1 '> > n + 1 for 1 < n < u (for example, 
just let h(n) = n 2 ). For each n < w, let {Cf : i < w} be a list of all clopen subsets of 2“ of measure 2 _?l («). 
We assume that such h and C"’s are fixed throughout this paper. 

For a function / G u>^ , we define 

h i =n u c /v 

N n>N 

Then Hf is a Gs null set, and every null set X is covered by Hf for some /Gw". 

Let S = n n <wM^ n - call each <p G S a slalom. As in the case of a function, for a slalom <p G S we 
define 

a .=nu u c >- 

N n>N i£ip(n) 

Then H v is a Gs null set, and the following hold: 

1. For / Gw" and <p G S, if f(n) G <p(n) holds for all but finitely many n < u>, then Hf C H v . 

2. For ip, if G S, if i^{n) C ip(n) holds for all but finitely many n < to, then H ^ C H v . 

Note that the reversed implications in the above statements do not hold in general. 

We will now describe a canonical procedure for constructing a nonempty closed set disjoint from H^. For 
a slalom ip G S, define a function r v G by induction on n < u> as follows: r v { 0) = 0, and for 1 < n < u>, 
let 

r»=min{i< W :CJ‘CC^- ( i_ 1) >. [j C ?}. 

j£v(n) 

This induction goes well because, by the choice of h, we have ^(C]™ -1 ) > (n + 1) • //(C") for j, k <u. 
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Let R v = D„< u ( n )■ R v is a nonempty closed set, because it is the intersection of a decreasing 
sequence of nonempty closed sets in a compact space. Let A v = \J n<u U ie v ( n ) Q 1 - Then clearly H v C A v . 
By the construction of r v , we have R lp C\A tp = 0, and hence R v fl H v = 0. 

For ip,ip £ S, if r v (n) £ ^(n) for infinitely many n < w, then R v C and hence H^ H v . 


3 Localization forcing 

In this section, we will introduce a modified form of localization forcing LOC, which is defined in 0 Sec¬ 
tion 3.1]. 

Let T = U n<w rWM*- A condition p of LOC is of the form p = ( s p , F p ), where s p £P, F p C uj u and 
|F P | < |s p |. For conditions p , q in LOC, p < q if s p A s q , F p A F q , and for each n £ |s p | \ |s 9 | and / £ F q 
we have /(n) £ s p (n). 

It is easy to see the following. 

1. For each n < to, the set {q £ LOC : |s 9 | > n} is dense in LOC. 

2. For each /£w“, the set {q £ LOC : / £ F q } is dense in LOC. 

3. LOC is er-linked, and hence it satisfies ccc. 

Let V be a ground model, and G a LOC-generic filter over V. In V[G], let <pa = U{ sP : P G G}. Then 
<p>G C S and, for every / £u“flV, for all but finitely many n < uj we have f{n) £ ipcin)- 

Let Hq = H va - Then in V[G], by the observation in Section [3 for every Borel null set IC2“ which is 
coded in V, we have X C Hq- 

Now we define a modified form of localization forcing. 

Definition 3.1. Define LOC* as follows. A condition p of LOC* is of the form p = (s p , w p , F p ), where 

1. s p £ T, w p < lu, F p C c o u , and 

2. |F p | <w p < |s p |. 

For p, q £ LOC*, p < q if 

3. s q C s p , w q < w p , F q C F p , and for n £ |s p | \ |s 9 | and / £ F q we have /(n) £ s p (n); 

4. w p <w q + (|s p | - |s«|); 

5. For n £ |s p | \ |s 9 |, we have |s p (n)| < w q + (n — |s 9 |). 

We show that the forcing LOC* has similar properties to LOC. 

Lemma 3.2. For each n < lu, the set {q £ LOC* : Is 9 ! > n} is dense in LOC*. 

Proof. Easy. □ 

Lemma 3.3. For each f £ w“, the set {q £ LOC* : / £ F q } is dense in LOC*. 

Proof. Fix p £ LOC* and / £ ui u . Define q = (s q ,w q , F q ) as follows: |s 9 | = |s p | + 1 , s q \ |s p | = s p , 
s q (|s p |) = {/(|s p |) : / £ F p }, w q = ui p + l and F q = F p U{f}. It is easy to see that q £ LOC* and q < p. □ 

Lemma 3.4. LOC* is a-linked, and hence it satisfies ccc. 

Proof. It is easily seen that the set L = {p £ LOC* : w p > 2 • |F P |} is dense in LOC*. For each s £ T and 
w < |s|, let L S}W = {p £ L : s p = s and w p = w}. Then L = : s £ T and w < |s|} and, for each 

s £ T and w < |s|, any two conditions in L SiW are compatible. □ 
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Let V be a ground model, and G a L0C*-generic filter over V. In V[G], let ip a = (J{ sP : P £ G}. Then, 
by Lemmata 13.21 arid Id..‘II we have ipa £ S and, for every / eu“nV, for all but finitely many n < ui we have 
f(n) £ <pG(n). 

Let Hq = H Vg . The following proposition follows from the observation in Section |2j 

Proposition 3.5. Let V be a ground model and G a LOG * -generic filter over V. Then in V[G], for every 
Borel null set X C 2“ which is coded in V, we have X C Hq- 

As we observed in Section|3 in V[G], we can define r VG and R Vg from ipc- Note that, in this context, 
every x G R va is a random real over V. We can naturally define a LOC*-name r for r VG so that, for 
p £ LOG*, if |s p | = n then p decides the value of r \n, because r (pG f n depends only on ipG \n. 

4 Hechler’s theorem for the null ideal 

In this section, we will construct a ccc forcing notion which yields Hechler’s theorem for the null ideal. The 
idea is to use localization forcing at each step, instead of the dominating real partial order used in Hechler’s 
construction. 

Let (Q,<) be a partially ordered set such that every countable subset of Q has a strict upper bound in 
Q, that is, for every countable set A C Q there is b G Q such that a < b for all a £ A. Extend the order to 
Q* = Q U {Q} by letting a < Q for all a £ Q. 

Fix a well-founded cofinal subset R of Q. Define the rank function on the well-founded set R* = R U {Q} 
in the usual way. For a £ Q \ R, let rank(a) = min{rank(6) : b £ R* and a < b}. For x,y £ Q*, we say 

x <C y if x < y and rank(x) < rank(y). For x £ Q*, let Q x = {y £ Q : y <C a"}. 

For D C Q and £ < rank(Q), let = {y £ D : rank(y) < £}, D^ = {y £ D : rank(y) = ^}, and for 
x £ Q with rank(:r) = £, let D< x = {y £ : y < x}. 

For D C Q, let D = {rank(x) : x £ D}. 

For E C D C Q, we say E is downward closed in D if, for x £ E and y £ D if y < x then y £ E. When 
E is downward closed in Q , we simply say E is downward closed. 

Definition 4.1. We define forcing notions N a for a £ Q* by induction on rank(a). For a G Q*, the conditions 
p of N a are all objects of the form p = {(s p , w p , Ff) : x £ D p } which satisfy the following properties. 

1. D p is a finite subset of Q a \ 

2. For x £ D p , s p G T, w p < uj, F p is a finite set of N x -names for functions in ui w , and \F P \ < w p ; 

3. For x £ D p , J2i w z '■ z e D < x } - l s Sl; 

4. For x,y £ D p , if rank(a;) = rank(y) then |s p | = |s p |. 

As in the definition of iterated forcing, it is necessary to limit the collection of names in clause 2 so that N a 
is not a proper class. We leave it understood that by a name for an element of wA is meant a nice name for 
a subset of (uj x uj)~ in the sense 0 VII 5.11] which is forced by the weakest condition to name an element of 
w u . 

Throughout this paper, for a condition p in N 0 , we always use the notation D p , s p , w p and F p to denote 
respective components of p. Also, for p £ N a and £ G D p , let be the length of s p for x £ D p . 

For p £ N a and b £ Q ai define p\b £Nb by letting p\b— {(s p , w p , F p ) : x £ D p n Qb}- 
For conditions p , q in N a , p < q if: 

5. D q C D p ; 

6. For x £ D q , s p D s q , w p > w q , F p D F q and, for all n £ |s p | \ |s|| and f £ F q we have p \ x lbN x 
/(n) G s p (n ); 
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7. For £ G D q and x, y G D q ^, if x < y, then for all n G \ Z| we have s£(n) C s|J(n); 

8. For £ g E 9 , E« : x G £>f} < E{< : * G £>£} + (Zj? - Zf); 

9. For £ G -D 9 , E C Z}| which is downward closed in _D| and n G Z| \ Z|, we have 

IUK( n ) : ^ G E}\ < EM ■ x G E} + {n - l\). 

Remark 4.2. If p < g, then for any £ G D q and E C E| we can discard the terms with indices not in E from 
both sides of the inequality in clause 0 (using w § > w q from clause 0 to get 

EM : x g e} < EM ■ x g e n D q } + (zf - z|). 

We now verify that Definition 14.11 does indeed define a partial order. (Reflexivity is clear, but we need to 
prove transitivity.) The simple observation in part (c) of the following proposition justifies not mentioning a 
in the notation < for the order relation on N a . 

Proposition 4.3. We have the following properties. 

(a) For any conditions p,q G N a , if p < q then for any b G Q a , p\b < q\b. 

(b) The order relation on N a is transitive. 

(c) For any a,b G Q* , if p, q G N a fl N&, then p < q in N a if and only if p < q in Nf,. 

Proof, (a) and (b) are proven simultaneously by induction on the rank of a. Note that part (b) of the 
induction hypothesis ensures that for p, q G N 0 and x G D q C Q a , is a well-defined partial order and 
hence the last part of clause 6 makes sense. 

(a) All but the last part of clause 0 and clause |H1 in the definition of p \ b < q \ b are inherited directly 
from the corresponding clauses for p < q. The last part of clause |H1 holds because for x G D q ^ b = D q fl Q b , 
(p\b)\x = p\x. There remains to check clause |H1 Let £ G D q ^ b . Using clause |S] for p < q and the fact that 
u>p > w q whenever both are defined, we have 

Z{w$ b :xeDf}=j:{<-- x £Df} 

= EM : x G £>£} - EM : x G \ Q b } 

< EM : x G D q } + (T’ - Z|) - EM : x G Df \ Q b } 

< E M -x G D q } + (Z| - Z|) - EM : x G D q \ Q b } 

(b) Suppose that a G Q*, p, q, r G N a and p < q < r. We must show p < r. 

For the last part of clause 0 suppose we have x G Df, n G 1? \ If , / G Ff. If n G 1? \ l q , then because 

/ G Ff C E 9 , the fact that p < g gives pfa; Ihp^ f(n) G s£(ro). If n G Z 9 \ If, then the fact that g < r gives 

q f x Ih^. f(n) G s 9 (n). We have s£(n) = s 9 (n) by the first part of clauseElfor p < q. Also, p\x < q\x by 
part (a). Thus, p f x lbN x f{n) G s%[n). We now check clause 0 and leave the other clauses for the reader. 
Fix £ G D r , E C Df which is downward closed in Df and n G Z£ \ Z£. Let E q be the downward closure of E 
in _D|. If n G Z£ \ If, then 


lUMM : x G E}\ = |UMO) : x G E}\ 

< EM : x G E} + (n-lf) 
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because of clause ED for q < r. If ra G \ Z|, then 

|U{s£(n) :xeE}\< |U{sg(n) : x £ E q }\ 

< '■ x € E q } + (n - l q ) 

<£ { W r x :xeE} + (ll-ip + (n-ll) 

= £{< : * e E} + (n — zp. 

The second inequality follows from clause El for p < q and the third from Remark 14.21 for q < r. Hence we 
have p < r. 

(c) The definition of the order on N a makes no mention of a. □ 


Definition 4.4. For a downward closed set A C Q 1 let Na = {p£ Nq : D p C A}, and for p £ Nq, we define 
p\A£ Na by letting p\ A = {(s p ,w p , F p ) : x £ D p Ci A}. For £ < rank(Q), let N^ = Nq <£ and p = p \ Q<£. 
Also, for £ < rank(Q), let p \ {£} = {{s p ,w p ,F p ) : x £ D?} £ N^+i and p \ [£,oo) = {{s p ,w p ,F p ) : x £ 
DP \ Q<J € Nq. 

In this notation, N a = Nq ct for a £ Q, and Nq has the same meaning if we consider the subscript Q either 
as an element of Q* or as a subset of Q. 

Clearly A C B C Q implies Na CNbC Nq. We are going to prove that, if A C B, then Na is completely 
embedded into N b ■ This is a fundamental principle of iterated forcing. 

The following lemma, which is a special case of this principle, is easily checked. 

Lemma 4.5. If B is a downward closed subset of Q, £ < rank(Q), p £ N b and q £ Nb <{ extends p f£, then 
<?Upr[£, oo) belongs toNs and extends both p and q. In particular, Nb <£ is completely embedded mfo N^. 

Using this lemma, we prove the following. 

Lemma 4.6. For downward closed sets A,B C Q, if A C B, then Na is completely embedded into Ns by 
the identity map. 


Proof. It is easy to see that the compatibility of conditions in Na is the same either in Na or in Ns. We 
show that, for p £ Ns and r € Na, if r < p\ A then there is q £ Ns satisfying q < p and q < r. We will 
proceed by induction on sup A. 

Suppose that p £ Nb, r £ Na and r < p\ A. Let 7 = maxD r . By the induction hypothesis, there is 
<j < 7 £ Nb <7 satisfying <j < 7 < p f 7 and q < 7 < r [‘7. 


For x £ let (s x ,w x ,F x ) = (. s r x ,w r x ,F r x '). For x £ D p \ D^, let ( s x ,w x ,F x ) = (s p 
Let 


v p x ,FP). 


L = Y:{w x :x£DPUDf} + l r T 

By the induction hypothesis, for each x £ D p U Df, N x is completely embedded into Nb <7 and so each 
f £ F x is an Ns < 7 -name. Choose q* £ Ns <7 so that q* < q < 7 and q* decides the values oi f \ L for 
all / £ |J{F X : x £ D p U Df / }. For x £ D p U D x and n £ L \ |s x |, let K XyU C w be the set satisfying 
q* lb K x>n = {/(n) : / £ F x }. 

Define s* for x £ DPfiDf in the following way: If x £ Df , then | s* | = L, s* \ IJy = s x , and for n £ L \ 1^ , 


If 2 G D p \ Df, then |s*| 


s* x (n)=[j{K z ,n-.z£D^ x }. 
L, s*\lP = s x , and for n £ L \ l p , 


s* x (n) 


[UK W -.z£D\ x n Df} U U {K z , n :z£Dl x x D*} 

\{}{K z ,n-.z£{DPUD r 1 )< x } 

* e DU 


if IP < n <lj 

if ^ < n < L, 7 G D^ A 

if lj < n < L, 7 £ Qp' a 


Now we define q = {(s®, w q ,F q ) : x £ D q } by the following: 
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1. Di = D P L)D^ UD; ; 

2. For x G D q * , (sl,w^F2) = (s£,w£,Ff); 

3. For xGDp U Dl), (sg, w%, F§) = (s*, it; x , F x ); 

4. For x G D p \ Q <7+1> (s|MM) = (s p ,w p ,F p ). 

We now check that g G Ng. The conditions of Definition 14 .II are satisfied below (resp. above) rank 7 because 
g* (resp. p) is a condition. Consider what they say at rank 7. The first clause is trivial. The fourth holds 
because the s |’s all have domain L. The third clause can be checked in two cases. 

(i) If x G D*, then D\ x = (D p U £T)<* = D< x , so EM = * € D% x } = EM : 2 G <1^<L. 

(ii) If x G D p \ £>;, then D\ x = D\ x U D< x , so EM = * G = EM ^G^U < L. 

For the second, all the requirements except that the sg’s are partial slaloms follow from the fact that p and 
r are conditions. We need to check that |s*(n)| < n for each relevant n. If x G D I), then for Zl) < n < L, we 

have |s*(n)| < E i w z '■ z G D< x } < |sg| = ll f <n. If x G D p \ Dl), we consider four cases. 

Case 1. l p <n < and 7 G _D pl A Definition 14 .If 91 for r <p\ A with E = D p <x D gives 

KM < EM : z £ E} + {n-l p ) + EM : * G -D< x \ D} 

= EM : 2 G £><J + («- ^) 

< ZZ) + (n - ZZ() = n. 

Case 2. l p < n < and 7 ^ In this case, D< x Cl D!) C D p fl A = 0, so |s*(n)| < E{M : 2 G 

< »• 

Case 3. Z!) < n < L and 7 G D P ^ A . Definition 14.If 81 for r < p \ A gives EtM : z G D^} < E1M : 2 G 
D p]iA } + (Z!) — Zjg). Removing terms with z x from both sides (see Remark 14.21) gives 

EM : * G D r < x } < EM :zeDl x nA} + (z; - z*). 

From the formula for s*(n) we now get 

KWI < EM : 2 G £><J + EM : ^ G D\ x \ A} 

< EM ^G^ni} + (i; - i p ) + EM •• - g d p < x \ A} 

= EM : * e DM + (z; - zp 

<l p + (z; - Z*) = Z$ < n. 

Case 4. Z2) < n < L and 7 ^ D p[ ‘ 4 . In this case we have |s*(n)| < E{*? : 2 G D< x } < l p < n. 

Thus, g is a condition. 

We now check Definition EH 5-9) for q < r and q < p. Clause 5 follows from the definition of q. For 
clauses 6-9, first note that below rank 7, they hold because q* < p\ 7 and q* < r (7. Consider what happens 
at rank 7. Clause 6 holds because for x G D p U D r and all the relevant values of / and n, we have from the 
definitions that q* lb f(n) G K XtU and K x>n C s*(n). For clause 7, we consider three cases. Let x < y be 
elements of D p U Dl r 

(i) If x, y G Dl), then for checking q < r, just use the monotonicity of s*(n) as a function of x. For checking 
q < p (so now we assume x, y G D?) as well), we also need to consider values of n such that l p < n < l^. 
But then s*(n ) = s x (n ) C s^(n) = s*(n) because r <p\A. 

This is the only case to consider for checking clause 7 for q < 7 ' at stage 7. The remaining cases deal 
with checking q < p. Note that if y G D 1) fl D p = D p fl A then also x G D 1) fl D p since A is downward 
closed. 
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(ii) If x, y £ \ D^, use the monotonicity of s*(n ) as a function of x. 

(iii) li x £ Df H DP and y £ DP \ D then consider first a value of n such that IP < n < If. We have 
s*(n) = s x( n ) C (J{s 2 (n) : 2 e -^< 2 / C -^ 7 } ^ s y( n )- Next consider n such that If < n < L. We have 
s* x (n) = U {K z , n : * G DfJ C \J{K z , n : z £ (Df U £>;)<„} = a». 

This takes care of clause 7. Clause 8 follows from the fact that from the definition of L we have ^{ib! : x G 
Df U DP} < L — If < L — If. For clause 9, first we check q < r. If E C Df is downward closed in Df and 
If < n < L, then |lj{s*(n) : x G i?}| = IJ{ZC c ,n : x G E}\ < E{M '■ x G 7?}- Next we check q < p. Suppose 
7 G D p and let E C Z)p be downward closed. Consider four cases. 

Case 1. IP < n < If and 7 G Z5U" 4 . Using Definition 14.If 9) for r < p \ A and the fact that E Cl A is 
downward closed in D P ^ A , we have 


||J{s*(n) : x G E}\ = ||J{4( n ) : x G E (~l A} U U( s x( n ) ■ x £ E \ A}\ 

= IU{ s £( n ) :iGZfl4}U U{ Kx,n :sGT\d}| 

< J2{ w x^ A '■ x G E n A} + (n - IP) + '}2i w x '■ x G E \ A} 

= EM : x G E} + (n-lf). 

Case 2. 1? < n < If and 7 ^ D P ^ A . Then E fl A = 0, and the calculation for case 1 reduces to 

IUK0 1 ) ■’ x G E}\ = |U{s*(«) : x G E \ A}| 

= |U{^,n : * G E \ A}| 

< EM : x G E \ A} 

< EM : a: G E} + (n - 1?). 

Case 3 . If < n < L and 7 G Z) p l j4 . Let E r be the downward closure in Df of E fl A = E Cl DA A . Using 
Definition I4.1f 8l for r < p\A and removing terms with z E r from both sides gives 


EM e E r } < EW G e n A} + {if-if). 

Then we get 

IURW : x G E}\ = |U {K z>n : z G E r } U {I< z , n : z £ E \ Df}\ 

< EM :z£E r } + EM '■ z £ E \ A} 

< E i w z '■ z £ E n A} + (n - IP) + EM ■ z £ E \ A} 

<E {wP:z£E} + (n-lP). 

Case 4. If < n < L and 7 ^ D P ^ A . We have 

|U{s*(n) :x £ E}\ = |U {K z , n ■ z £ E}\ < E M : z £ E}. 

Thus, q < r. The proof that q < p is completed by appealing to Lemma, 14.51 □ 

The following definition and lemma provide a simple mechanism for extending conditions. 

Definition 4.7. Let B C Q be a downward closed set and 7 £ B. p' = {R ,wf , F£ ) : x £ D p } is a 
7 -precondition of Ng if p' satisfies the following: 

12 D p ' is a finite subset of B ; 

0 For x £ D p ', sf £ T, w< u, F p ‘ is a finite set of N^-names for functions in and \F£'\ < ; 


0. For x G DP' \ D*', £{<' : 2 € D P <J < |s p '|; 

0] For x, y G D p/ , if rank(x) = rank(y) then |s p/ 1 = |s p/ 1. 

For £ G Dp' , we will let If be the length of s p for x G D p . 

For 7 -precondition p' of Ns and pGNg, we say p' is a 7 -preextension of p if 

1 . DP D DP and L> p ' \ Q< 7 +i = L> p \ Q< 7 +i; 

2. p'fy <pf7; 

3. For x G DP, sf = s p , F p ' = F p and wg > wf ; 

4. For x £ Df \ DP, Ff = 0 and <' = 0; 

5. For x G D p \ Q < 7 + i, (sf , wf , F p ') = (s p ,<,F p ). 

Lemma 4.8. Let B C Q be a downward closed set, p G Nb, 7 G B, p' = {(s p , wf , i 7 ’ p ) : x G D p } a 
7 -preextension of p such that Df 7 ^ 0, and N < co. Then there is q G Nb such that: 

1. q < p and q\j < p' \”f; 

2. D q = Dp' and, for xGO’, <' and, F 9 = F p '; 

3. D 9 \ Q< 7 +i = D p \ Q <7+ i and, for x G F > 9 \ Q < 7 + 1 , s 9 = s p , re 9 = wf and F q = F p ; 

4. If > N. 

Proof. Let L = max{^{wj : x G Df } + l p , AT}. 

Note that clause 3 in the definition of “p' is a 7 -preextension of p” ensures that If = If as long as the 
latter is defined, i.e., as long as 7 G D p . 

Using Lemma 14.(il choose q* G Nb <t so that q* < pf f 7 and q* decides the values of f \ L for all 
/ e \J{Fp’ : x G Df} = |J{F p : x G Df}. For x G Df and n G L \ If = L \ If, let K x>n Cube the set 
satisfying q* lb K x , n = {/(n) : / G F p }. Note that \K x>n \ < |F P | < wf. 

Define s x for x G Df as follows: |s E | = L, s x \ If = s p , and for n G L \ If , if x G Df then 
s x (n) = U {K z ,n ■ z G D p <x \ and if x Df then s x (n) = 0 . Now we define q = {(s q ,w q ,F q ) : x G D 9 } as 
follows: 

1. D q = D q * U D p '-, 

2. For x G D q , ( s q ,w q ,F q ) = (sf,wf,Ff); 

3. For x G Df', ( s q ,w q ,F q ) = {s x ,w p x ,F P '); 

4. For x G D q \ Q< 7+1) (s q ,w q ,F q ) = ( S p > p ',F p '). 

We now need to check that q G Nb and 9 satisfies the requirement. For x G Df', If < n < L, we check that 
|s x (ro)| < n and leave the rest of the verification to the reader. If x ^ Df, then s x {n) = 0 . Suppose now that 
x G Df. Then |s x (n)| = \{j{K z , n : * G D p < x }\ < £{< : 2 G Df-J < | S p | = If = If < n. □ 

Next we prove that Nq satisfies ccc. 

Lemma 4.9. Let W be the collection of conditions q G Nq satisfying the following properties: 

1. For all x G D q , 2 • |F 9 | < w q ; 
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2. For all £ £ D q , 2 • : x £ D^} < Z|. 

Then W is dense in Nq. 

Proof. By induction on £ < rank(Q), we will show that is dense in N^. 

Fix p £ Nj and let 7 = max Dp. Define a 7-preextension p' of p by the following: D p = D v , p' (“7 = p (7 
and, for x £ D p , s p = s p , F p = F p and w p = max{u> p , 2 ■ |F P |}. Let N = 2 • ]> ^{w p : x € D p }. Applying 
Lemma EH to p , p' and iV, we get a condition q < p as in the lemma. By induction hypothesis, there is a 
condition g* £ W< 7 , g* < q (7. Then g* U g f {7} extends g (by Lemma ESt and belongs to W< 7 +i. □ 

Lemma 4.10. Nq satisfies ccc. 

Proof. Let W be the dense set given by Lemma 14.01 If A C W is uncountable, then thin A out to an 
uncountable set A' C A such that 

(1) {D p : p £ A'} is a A-system with root u; 

(2) For there is an l £ such that q = for all p £ A'; 

(3) {D p : p £ A'} is a A-system with root U ; 

(4) For x £ 17, there are s x and Wj such that s p = s x and w p = w x for all p £ A'; 

(5) For each U' C U, there is a number kjj’ such that for each p £ A', 

: for some x £ U 1 , z £ D^} = kw- 

Note that, because p £ W, we have 2kw < XX' u; ? : f° r some x € U', z € _D P X }. 

Let p and g be any two conditions in A!. Let Co < £1 < • • • < £fc-i be the increasing enumeration of D p U D q . 
We will inductively define conditions r, £ N<j i+ i, i < k, so that 

1 . ry is a common extension of p f (£* + 1 ) and <7 T(£i + 1 ); 

2. For each i < k — 1, 7 y+i f£i+i < 77 . 

Set r_i = 0. When £* ^ u, then only one of _D P , .D 9 contains £*. If £i £ F> p \ -D 9 , then let ry = ry_i Up f {£i}. 
Then ry inherits from ry_i and p f {£,;} the properties needed for being a condition. It extends p f (£,; -(-1) by 
Lemma ETUI It extends q \ (£,; + 1) because the inclusion of the domains holds and q \ (£* + 1) = q \ (Cz-i + 1), 
so the relevant values of x and £ for which x £ D q or £ £ D q in clauses 6-9 of Definition EH applied to 

ry < Q t(£i + 1) all have rank at most £j_ 1 and hence the clauses hold because ry_ 1 < q f (£,_i + 1). Similarly 

if £* £ F 9 \ D p . 

Now suppose £i = 7 £ u. Proceed as follows. 

(a) Let L = J2{ w x '■ x *= D p } + Y^{ w l '■ x e ^ 7 } + X- 

(b) Get r* £ N< 7i , r* < ry_ 1 which decides the values of / (F for / £ F p , x £ D p and / £ F 9 , x £ F 9 . 
For n £ F, let K x ^ n be the set such that 

(i) r* lb {/(n) : / £ F p } = K x>n , if a: £ D p x F 9 ; 

(ii) r* lb {/(n) : / £ F 9 } = F x> „, if a £ F 9 \ F p ; 

(hi) r* lb {/(n) : / £ FJ> U F 9 } = F x ,„, if a £ D p n F 9 . 
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Note that 


IU {K x ,n :xeDP U D q }| < EM + EM 

< 2 • max(EM : x £ -D^}, EM : ® € £>«}) 

< Z 7 

where the last inequality holds because p,q £ W. 

(c) For n such that Z 7 < n < L, dehne s x (?z) as follows. 

(i) s x (n) = \J{K z ,n ■ z € or for some z' £ D p n D q , z £ ( D p U D 9 ) 7 and z < z' < x}, if 

x£D p \D q - 

(ii) s x (n) = (J {K Z}U : z £ D q <x or for some z’ £ D p (~l D q , z £ ( D p U D 9 ) 7 and z < z' < x}, if 
x £ D q \ D p ; 

(ill) s x (n) = U {K z , n : z £ (D p U D q )< x }, if x £ D p n D q . 

Suppose E C D p is downward closed. Then 

U{ s x( n ) : x £ E} = (J {K Ztn : z £ ( D p U D q )< x for some x £ E D U} 

U U{ K z ,n ■ z £ E and for no x £ E (~l U do we have z < x}. 

So 

|U{ s x( n ) ■ x £ E}\ < J2{\F p \ : z £ D p <x for some x £ E (~l U} 

+ E(MI : 2 € D q <x for some x £ E fl U} 

+ E{|^?| ■ z £ E and for no x £ E fl U do we have z < x} 

< 2kEr\U 

+ EMU ’■ z £ E and for no x £ E fl U do we have z < 2 } 

— EtM : z e D< x f° r some x £ E fl U} 

+ E1M ■ z £ E and for no x £ E fl U do we have z < x} 

= EM -z£E}. 

Similarly, if E is a downward closed subset of D q , then lUMfu) : x £ E}\ < E{ W I : z € E}. 

(d) Let r,; = r* U {(s x ,w x , F x ) : x £ D p U D q }, where the triples ( s x ,w x ,F x ) are obtained as follows. 

(i) Each s x has domain L , s x f Z 7 = s p if x £ D p and s x \ Z 7 = s q if x £ D q . (This is unambiguous if 
both clauses hold because of item (4) in the list of properties of A !.) For Z 7 < n < L, s x (n) is as 
defined in (c). 

(ii) We have w x = w p if x £ D p and w x = w q if x £ D q (and this is unambiguous if both clauses 
hold). 

(iii) For x £ D p \ D q , F x = F p . For x £ D q \ D p , F x = F q . For x £ D p n D q , F x = F p U F q . 

We must check that Xi is as desired. First we check that jy is a well-defined condition. In Definition 4.1, 
clause 1 and the first and third statements of clause 2 hold by definition. The second statement holds below 
rank because r* is a condition. At rank 7 = it holds because for each x £ ( D p U D q ) 1 and n < L, if 
n < Z 7 then |s x (n)| < n because p and q are conditions and if Z 7 < n < L then the argument at the end of 
(b) above shows that |sa;(n)| < Z 7 < n. For the last statement, we have that |Fa,| is bounded by one of \F P \, 
\F q \, \F P \ + \F q \. In all cases, because p, q £ W, we have that iF^j is bounded by either 2 • \F P \ < w p = w x 
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or 2 • \F q \ < w q = w x . For clause 3, the property is inherited from r* if the rank of x is less than 
and, if the rank of x is is inherited from p or q if £, £ \ D q or £, £ D q \ Z) p . Otherwise we have 

: x € (Z? p U D q )< x } < Y^{ w x '■ x € -D^} + : x £ -D<a.} — hi — L- Clause 4 is inherited from 

r* at ranks below £» and holds by definition at rank £i. 

Now we check that r extends p and q. By symmetry, it its enough to check that r extends p. All of the 
clauses 5-9 in the definition hold below rank because r* < r,;_i < p f £j_i +1. Consider now what they say 
at rank 7 = £j. The inclusion of the domains and all but the last part of 6 hold by definition of r. The last 
part of 6 holds because if x £ D p , / £ F p and L, < n < L , we chose r* so that r* II"n <7 f{n) £ K x>n C s x (n). 
Because / is a N x -name and is completely embedded in N <7 , it follows that r* \ x = 77 f x also forces 
f(n) £ s x (n). 

The proof of clause 7 is a case by case analysis. Suppose x,y £ D p , x < y and Z 7 < n < L. Each of x 
and y comes under either (c)(i) or (c)(iii). Since the formulas used there are increasing functions of ir, we 
need only consider the following two cases. 

Case 1. a; £ D p \ D q and y £ D p n D q . Let m £ s x {n) and fix 2 witnessing this. (So, in particular, 
m £ K Ztn .) We will show that K z ^ n C s y {n). If 2 £ D< x , then also z £ D p <y , so K z n C s y {ri). The other 
possibility is that for some z' £ D p fl D q , z £ ( D p U D q ) 1 and z < z' <x. Tlien z' £ ( D p U D q )< y , so again 

Case 2. a: £ D p fl D q and y £ D p \ D q . Fix 2 £ ( D p U D q )< x . Taking z' = x, we have z < z' < y 
witnessing that K z n C s y (n). 

For clause 8 , we have that : x £ (D p U T ,<? ) 7 } < X ]{ u '7 : x e -^ 7 } + Y^{ w< ^ '■ x e -^ 7 } = L — Z 7 by 

the definition of L in (a). Finally, clause 9 was checked in (c). 

For i = k — 1, we get that r, is a common extension of p and q. 

This completes the proof that Nq is ccc. □ 


5 Proof of the main theorem 

This section is devoted to the proof of Hechler’s theorem for the null ideal. We will show that the forcing 
notion Nq satisfies all the requirements of the theorem. 

Lemma 5.1. For a downward closed set B C Q , p £ Nq, £ £ D p and N < u>, there is q £ Ns such that 
q < p and l p > N. 

Proof. Just apply Lemma, f4.81 to p' = p and N. □ 

Lemma 5.2. For a downward closed set B C Q , p £ Ns and a £ B, there is q £ Ns such that q < p and 
a £ D q . 

Proof. We may assume that a D p . Let a = rank(a). 

If a £ D p , then define q £ Ns by letting D q = D p U {a}, s q = 0, w q = 0, F q = 0 and other components 
of q are the same as p. 

Now we assume that a £ D p . Define an a-preextension p' of p in Nb by letting D p = D p U {a}, s p is 
arbitrary with length / p , w p = 0, F p =0 and other components of p' are the same as p. Apply Lemma PT hI 
to p , p' and TV = 0, and we get q £ Ns with q < p and a £ D q . □ 

Lemma 5.3. For a downward closed set B C Q : p £ Nb and a £ D p , there is q £ Nb such that q < p and 
w q >\F q \ + l. 

Proof. Let a = rank(a). Define an a-preextension p' of p in Ns by letting D p = D p , w p = w p + 1 and 
other components of p' are the same as p. Apply Lemma 14.81 to p, p' and TV = 0, and we get q £ Ns as 
required. □ 
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Lemma 5.4. For a downward closed set B C Q, p£ Ng, o £ D p and an N a -name f for a function in co u , 
there is q 6 Ng such that q < p and f £ F%. 

Proof. First use Lemma E3 and then put / into F%. □ 

Let V be a ground model and G an NQ-generic filter over V. For a £ Q, let G fa = GnN a = {p\a : p £ G}. 
Then G fa is an N a -generic filter over V. 

In V[G], for a £ Q let ip a = IJ{ s S ■ P £ G and a £ D p }. By Lemmata 15.II and 15 . 21 ip a is defined for every 
a £ Q, and belongs to S. 

Lemma 5.5. In V[G], for every a £ Q and / £ fl V[G fa], for all but finitely many n < u> we have 
f (n) £ p a {n). 

Proof. Follows from Lemma EH and the definition of Nq . □ 

Lemma 5.6. For a,b £ Q, if a < b and rank(a) = rank(6), then for all but finitely many n < u> we have 
Wa{n) C ip b (n). 

Proof. Clear from the definition of Nq. □ 

For a £ Q, let H a = H v>a . Then each H a is a null subset of 2“. We will show that, in V[G], the set 
{H a : a £ Q} is order-isomorphic to (Q, <) and cofinal in (A/", C). 

Lemma 5.7. Let a £ Q. For a Borel null set X C which is coded in V[G fa], we have X C H a . 

Proof. Follows from Lemma EH and the observation in Section 0 □ 

Lemma 5.8. In V[G], for every null set IC2“ there is a £ Q satisfying X C H a . 

Proof. We may assume that X is a Borel set in V[G]. By our assumption that countable subsets of Q have 
strict upper bounds, and because Nq is ccc, A' is coded in V[G \ a] for some a £ Q, and by Lemma HTTl we 
have A' C H a . □ 

Lemma 5.9. For a,b £ Q, if a <b then H a C H b . 

Proof. If a <C 6 , then H a is coded in V[G f b] and hence H a C H b follows from Lemma [5.71 If a < b and 
rank(a) = rank( 6 ), then it follows from Lemma 15 . (il and the observation in Section 0 □ 

For each a £ Q, let r a = r Va and R a = R Va as defined in Section 0 As we observed in Section 0 we 
define an NQ-name r a for r a so that, for p £ Nq if a £ D v and |s£| = n then p decides the value of r a \n. 

Lemma 5.10. For a,b £ Q, if a -£b then H a % H b . 

Proof. Suppose that a £b. Since we always have R b C\ H b = 0 and R b / 0 , it suffices to show that R b C H a . 
Fix p £ Nq and M < ui. By Lemmata 15.21 and 15.51 we may assume that a,b £ D p and w p > \Ff\ + 1 . 

We will find q < p and m > M which satisfy q lb r b (m) £ sf(m). This implies that for infinitely many 
m < ui we have r b {m) £ (p a {m), and hence R b C H a . 

Let a = rank(a), (3 = rank(6), B = {x £ Q : x < b}. Note that a ^ B by the assumption. Extend p if 
necessary to arrange the following. 

If B a ± 0 , then B a nD p ± 0 . 
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(The following observation is not used in the proof, but note for clarity that because of the definition of rank 
for elements of Q \ R, the ranks of the elements of a downward closed set need not be an initial segment 
of the ordinals. For example, if i? = wi ordered as usual and Q is R with new elements e a , where e a < a 
but no other relations hold other than the ones needed to ensure transitivity, then e a has rank a and every 
subset of {e a : a < w\} is downward closed. Thus the assumption can fail even if a < (3.) 

We set m = max{M, Z[(} + 1. 

Using Lemma P get p* gNb extending p \ B such that |s£ | > m + 1. By the choice of p* decides 
the value of fb(m), so let k be such that p* lhpj B rb(m) = k. 

We will construct q £ Nq satisfying q < p and q < p*, using an argument similar to, but somewhat more 
difficult than, the proof of Lemma 14. hi 

The proof which follows is really two similar but different proofs, one for the case where B a ^ 0 and one 
for the case B a = 0. In order to be able to write as much as possible of the two proofs as one, we will use 
the abuse of notation max{Zg ,l p } to designate Z£ when B a ^ 0 and l v a when B a = 0 (in which case l p is 
actually not defined). 

We will be done if we build q < p with k £ s 9 (m). For x £ Dp , let (s x ,w x , F x ) = (s p ,w p ,Fg ). For 
xeDP a \D£, let (a x , w x , F x ) = (a£, v%, Fg). Let 

L = E{^* DP*} + max{ZP*,ZP} + m + 1. 

Choose qo £ N a so that qo < p \ ot, qo < p* \ a (and hence also go \B <a < p* ( a ), and q 0 decides the values of 
/ \L for all / £ (J{F X : x £ }. For x £ D p UD p and n £ L \ |s x |, let A' Xj n Cube the set satisfying 

go II" K x>n = {f{n) : / £ F x }. For x & D p a U D p a * and n £ L \ |s x |, if (x,n) ^ (a,m) then let K' x n = K x>n , 
and let K' am = K a ^ m \j{k}. By the assumption that w p > |F^| +1, we have \K} n \ < w x for all x £ DP\JDP 
and n £ L \ |s x |. 

Define s* for x £ D p U D p as follows. If a; £ Dp, , then |s* | = A, s*\lP = s x , and for n £ L \ Z£*, 

s* x (n) = UiKn ■ z e dQ. 

If x GDP\ Dp , then |s* | = L, s* \l p = s x , and for n £ L \ l p , 

S* („) = I U{Sz(n) :2€ % nI) «} U UW,„ : ~ e D\ x X DP* }, lP a <n< ma x{Z£*, F a } 
\{J{K' Ztn :z£(DP a UDP*)< x }, max{Z^*,Z^} <n < L 

Define gi by gi = {(s 91 , w 91 , A 91 ) : x £ .D 90 U D p * U D p } where 

1. For x £ D qo , (si 1 , wf , A 91 ) = (s 9 °, wf , A 90 ) 

2. For x€DP a UD p *, (s 9 >,u#, F 91 ) = (s* x , w x , F x ) 

3. For x £ DP* \ Q <q+1 , ,w£,F?) 

We now check that gi £ Nq. The requirements of Definition 14.11 are satisfied below (resp. above) rank a 
because go (resp. p*) is a condition. Consider what they say at rank a. The first clause is trivial. The fourth 
holds because the s 9l ’s all have domain L. The third clause can be checked in two cases. 

(i) If x £ dp;, then D% = (DP U D p *)< x = D p < x , so £{< : z £ D%} = : z £ D% x } < l p a * < L. 

(ii) If x £ DP a x DP a *, then D% = D^- x U D< x , so EW : ^ 6 D%} = E ^ U D|* x } < E(^ : 

z £ DP a UDP*} < L. 
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For the second, all the requirements except that the s ® 1 ’s are partial slaloms follow from the fact that p and 
p* are conditions. We need to check that |s*(n)| < n for each relevant n. If a; € D g , then for Zg < n < L , 
we have |s*(n)| < ^2{ w z '■ 2 G D p <x ) < |sg*| = Zg < n. If x G Dg \ Dg*, we consider three cases. 

Case 1. Zg < n < max{lj , Zg}. In order for this case to be non-vacuous, we must have a G D P ^ B . Then 
Definition E3t9) for p* <p\B with E = D\ x n D p gives 

KWI < EM :zeE} + (n-lP) + EM : ^ e D p < x \ E} 

= EM : z G DgJ + {n- Zg) 

<l p + (n - Zg) = n. 

Case 2. max{l^*,/J} <n < L. If a G D p f B , then Definition 8 ) for p* <p\B gives 

EM* : * G £>£*} < EM = * G M - *£)■ 

Removing terms with z x from both sides (see Remark Id. 21 ) gives 

EM* : * G Dgj < EK : * G D^ C B} + (Zg* - Zg). 

From the formula for s x (n) we now get 

M™)l < EM* : * G + EM : 2 G £>< x \ 

< EM ^G%nB} + (zg* -zg) + EM = * g d\ x \ b} 

= EM : * G Dgj + (zg* - Zg) 

< £ + ~ i£) = /£* < n. 

If a qL D p ^ b , then B a = 0, so a 0 D p . The formula for s*(n) thus reduces to s*(n) = (J {K' z n : z G E) p <x }, 
and hence |s*(n)| < E i w z '■ 2 G Dg-^} < Zg < n. 

Thus, qi is a condition. We now check Definition 0(5-9) for <71 < p* and q\ <p\B U Q <ct +i. (We only 
need the latter, but the former is needed at one point of the proof.) Clause 5 follows from the definition of 
q\. For clauses 6-9, first note that below rank a, they hold because go < p \ a and qo < p* \ a. Consider 
what happens at rank a. Clause 6 holds because for x G Dg U Dg and all the relevant values of / and n, 
we have from the definitions that go lb f(n) G K x>n and K x>n C s*(n). For clause 7, we consider three cases. 
Let x < y be elements of Dg U Dg . 

(i) li x,y G Dg , then for checking qi < p*, just use the monotonicity of s*(n) as a function of x. For 
checking qi < p\ B U Q <a + i, we also need to consider values of n such that Zg < n < Zg . But then 
s*(n ) = s p (n) C s p (n) = s*(n ) because p* <p\B. 

This is the only case to consider for checking clause 7 for qi < p* at stage a. The remaining cases deal 
with checking qi < p\B U Q< a +i- Note that if y G Dg fl Dg = Dg fl B then also x G Dg fl Dg since 
B is downward closed. 

(ii) If x, y G Dg \ D p , use the monotonicity of s* (n) as a function of x. 

(iii) If x G D p fl Dg and y G D p \ D p , then consider first a value of n such that Zg < n < Zg . We have 
s I-( n ) = s x{n) Q U{ s z( n ) : 2 G D p <y fl -Dg*} C s*(n). Next consider n such that Zg* < n < L. We have 

4(n) = [j{K' z n : z G DgJ C [j {K' z<n : « G (Dg U Dg*)< y } = s* y (n). 

That takes care of clause 7. Clause 8 follows from the fact that if a G D p , then from the definition of L we 
have J2{w x : x G Dg* U Dg} <L — Zg*, and if a G D p \ Dg*, then : x G Dg* U Dg} < L - Zg. For 
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clause 9, first we check qi < p*. If a £ D p , E C D p is downward closed in D p and l p < n < L, then 
|UK(n) : x £ E}\ = |U{ K'x,n ’■ x e ^}| < E{ w x* ’■ x S E}. Next we check q\ < p\B U Q< a + 1 - Note that 
the elements of rank a are the same for the domains of p and p \B U Q< a + l- Also a £ D g since a £ D p . Let 
E C D p be downward closed. Consider two cases. 

Case 1. /g < n < l p . We have 

IIIKM : x e E }\ = IUK0) ■ x £ E C B} U U(4W : x £ E \ B}\ 

= UK* (n):x£EnB}U U : x £ E \ B}\ 

< :x£E<lB} + (n-l p )+ J2{w p : x £ E \ B} 

= E {w p :x£E} + (n-l p ). 

Case 2. max-jd^*, l p } <n < L. Let E' = {z £ D E : for some x £ E, z < x}. We have 

IU{4( n ) - x £E}\ = |U(4( n ) : x £ E C B} U UI4H : x £ E \ B}\ 

= VJ{K,n ■ x £ E'} U U {K, n ’■ x £ E \ B}\ 

< E«* - x£E'} + : x£E\B }. 

If E’ is empty, then this last expression is < Y^{ w x '■ x G E}. If not, then Definition 14.11 81 applied to 
P* < p\ B (with terms outside E' eliminated from both sides) gives that 

E{ w f :x£E'} + EK :x£E\B} 

< EM : * G E n B} + (ig* - IP) + E{< : x £ E \ B} 

= EM = * G E} + (It - IP) 

<EM ■x£E} + (n-l p ). 

Thus, the conditions for qi < p* and qi < p \ B U Q< q +i hold up to rank a. Above rank a, q\ agrees with 
p*, so Definition 14. If 6-91 hold trivially for qi < p*. For qi <p\B U Q <a +i we need to prove the the clauses 
for £ > a. All of them follow from the fact that p* < p \ B, q\ \ £ < p* \ £, and q\ agrees with p* at rank £. 
(The fact that q\ f £ < p* (£ is used to check the last part of clause 6.) 

Now we apply Lemma fd. 61 to p and q\ 1 and we get q £ Nq such that q < p and q lb fb(m) £ s®(m). □ 

Now we have the following main theorem. 

Theorem 5.11. Let J\f be the collection of null sets in 2 U . Suppose that Q is a partially ordered set such 
that every countable subset of Q has a strict upper bound in Q. Then in any forcing extension by Nq, (TV, C) 
contains a cofinal subset {H a : a £ Q} which is order-isomorphic to ( Q , <), that is, 

1. for every X £ J\f there is a £ Q such that X C H a , and 

2. for a,b £ Q, H a C Hb if and only if a <b. 
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